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Abstract: In this paper , we investigate the oscillatory behavior of a class of Caputo
fractional differen-tial equations involving both advanced and delayed arguments.By
establishing novel monotonicity proper-ties of eventually positive solutions,we derive
improved sufficient conditions for the nonexistence of positive monotone solutions.New
auxiliary functions are introduced to obtain unified monotonicity results without imposing
restrictive assumptions on the coefficient functions,thereby extending and strengthening
several existing oscillation criteria.The developed approach yields sharper oscillation
conditions for both advanced and ratarded fractional differential equations and is further
extended to equations containing simultaneously advanced and delayed arguments.Several
illustrative examples are presented to demonstrate the effective-ness of the proposed criteria
and to highlight the significant improvement over previously known results.The obtained
results contribute to the qualitative theory of fractional differential equations and provide a
useful framework for the anaiysis of oscillatory behavior in fractional dynamical systems with
deviating arguments.

Keywords: Caputo fractional derivative, Fractional differential equations, Oscillation, Advanced
argument, Delay differential equation, Monotonicity, Qualitative analysis.

1 Introduction

Fractional calculus has become an important branch of modern applied mathematics because of
its remark-able capability to describe systems possessing memory, hereditary characteristics,
and nonlocal interactions. Unlike classical integer-order derivatives, fractional derivatives
incorporate the past history of a process, making them highly suitable for modelling complex
phenomena arising in viscoelasticity, control theory, fluid mechanics, signal processing,
biology, finance, and engineering applications. Among the various frac-tional operators, the
Caputo fractional derivative has attracted considerable attention since it allows the use of
classical initial conditions while maintaining strong physical interpretations [1, 2, 4, 5, 3, 15].

During the past two decades, the qualitative theory of fractional differential equations has
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witnessed significant development. In particular, the existence, uniqueness, stability,
controllability, and oscillatory behaviour of solutions have been extensively investigated owing
to their importance in mathematical mod-elling. Comprehensive treatments of fractional
differential equations and their analytical properties can be found in the monographs of
Podlubny [1], Kilbas et al. [2], Diethelm [3], Zhou [15], and Baleanu et al. [10]. The theory of
fractional dynamic systems has also been systematically developed by Lakshmikantham et al
[6].

Oscillation theory plays a fundamental role in understanding the qualitative behaviour
of differential equations without requiring explicit analytical solutions. Oscillation criteria
provide valuable information regarding the long-term dynamics, stability, persistence, and
periodic behaviour of mathematical models. For classical differential equations with delay
and advanced arguments, important contributions have been made by Agarwal et al. [7],
Koplatadze and Chanturia [11], Agarwal, Bohner and Grace [12], and Li and Agarwal [13],
who established several sufficient conditions for oscillation and nonoscillation of functional
differential equations.

Recently, these ideas have been extended to the fractional-order setting. Grace et al. [8]
established oscillation criteria for fractional differential equations by employing fractional
integral inequalities and com-parison techniques. Chen et al. [9] further investigated oscillation
conditions for nonlinear fractional dif-ferential equations with damping effects, while Liang and
Qiu [14] developed oscillation criteria for Caputo fractional delay differential equations using
suitable integral estimates. These studies demonstrate that the

introduction of fractional derivatives considerably enriches the qualitative behaviour of
differential equations and simultaneously presents new analytical challenges.

Motivated by these developments, the present paper investigates the oscillatory behaviour
of a class of Caputo fractional differential equations involving advanced and delayed arguments.
By establishing new monotonicity properties of eventually positive solutions, we derive
improved oscillation criteria that substan-tially weaken several existing assumptions available
in the literature. New auxiliary functions are introduced to obtain unified monotonicity results
for both advanced and retarded fractional differential equations, leading to sharper sufficient
conditions for the nonexistence of eventually positive monotone solutions. Furthermore, the
proposed approach is extended to fractional differential equations containing simultaneously
advanced and delayed arguments. Several illustrative examples are presented to demonstrate
the applicability and effectiveness of the obtained criteria and to compare the new results with
existing oscillation conditions.

The analytical techniques employed in this work are inspired by modern developments in
fractional calculus and qualitative analysis [1, 2, 3, 10, 15], while the motivation for studying
oscillatory behaviour
originates from the classical and fractional oscillation literature [7, 8, 9, 11, 12, 13, 14]. In
addition, the present investigation complements recent analytical studies on fractional
differential equations solved through the Laplace-Adomian Decomposition Method and related
analytical techniques [16]. Consequently, the obtained results enrich the qualitative theory of
fractional differential equations and provide a useful framework for future investigations on
nonlinear fractional dynamical systems with more general deviating arguments.
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2 Preliminaries

In this paper we study the asymptotic and oscillation behavior of solutions of Caputo fractional
delay differential equation,

Dy (t) =p(O)y(z () , l<as<?2
We shall asume (1)
that
(H1)p(t) € Ci([to, )) , p(t) > 0,
(2)
(H2)T (8) € CY([to, ) , T (G > 0,

lim 7 (t) = oo. (3)

t—>oo

By a solution of equation (1) we mean a function y(t) € C?([T,, ©)) , T, = to which satisfies
equation (1) on [T), ©0).We consider only those solutions y(t) of (1) for which Sup{|y(¢)|: t =
T}y>O0forall T =T,
The set of all positive solutions is C

N =No N, (€))

Where the class Ny involves positive decreasing solutions while N, includes positive
increasing ones. If T (¢) < t the conditionj
t

fim (s —T())«1p(s)ds > 1 (5)

Sup

t—oo

T (1)

does not allow the presence of positive decreasing solutions i.e.
No = ¢. If T (t) = t the condition

T () ]
lim (r(t) =s)='p(s)ds > 1 (6)
Sup
t—oo

t

does not allow the presence of positive increasing solutions i.e. N> = ¢.
The corresponding comparison equations in the fractional setting are

Dey(t) = p.ay(t £ 21.) l<a
<2 (7)
an p
d Dy *yan , 1<as<2 (8)
B ta
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3 Main Results

For positive increasing solution of (1) we can improve the monotonicity as follows.

Lemma
1.
If Joo
sp(s)ds = oo (9)
to
Where 0 < a <1 and Assume that y(t) € N, then
’K[_)tt is increasing i.?a’K(_lt T (10)
Proof:

Assume that y(t) is positive increasing solution
of (1) Now we have

e paene ¥ = pp(ey(e o) (11)

An fractional integration of (11) from ¢, to t in view of (9) yields.

t2a D& y®~ k + J& FC’I(S)V(T(S))ds

Cc = to

Now we have given that,

N, contains positive increasing solutions.
Therefore y(t) becomes positive and
increasing. Also we have given that,

p(t)=z0 and y(t(t)) >0

As y(t) is increasing

then y(z (s)) 2y(7 (o))

> 0 Thus we get,

2a « V(O It o

Cc L to
D, — = k+y(r(t))) s p(s)ds
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From our assumption,

(o o]

sep(s)ds = co
to

Hence we get,

t2a cDe -Zz@ —>o00qgst— oo

Hence

t2a Gpa. X(8) - g
Since t2¢ > 0

ThereforetCD"‘c«W‘L(L1 >0./
Hence/ 1 is increasing.

To simplify our notation we introduce the following triple of functions, So

T (t) J
a =,k dBa L (@ () - 9erp()r
(s)ds,

cDgf2(t) = az(t) ,

y2(8) = p(t)e-+2(0),

Lemma 2.

If |

o
sp(s)ds = oo (12)
to
and 7(t) =t. Assume that y(t) € N, then y2(t)y(t (t)) T.

Proof:
Assume that (1) possesses a positive increasing solution y(t) i.e. y(t) € N.. From the assumption

p(t)z(t) €
c'([to, =0]),we apply the Caputo fractional derivative to the (1),which leads to,

Dy'(t) = pyi @) + p@Or @y ()

© Author(s). This work is peer-reviewed, openly published, and permanently archived
This article is openly accessible and reusable with proper attribution.
https://ijsmt.org/ , Email: editor@ijsmt.org 5



https://ijsmt.org/
mailto:editor@ijsmt.org

Volume 02 Issue 07 July- 2026 | ISSN: 3108-1762 (Online) | Impact Factor: 3.8

119 International Journal of Science, Strategic Management and Technology R [—
¥ An International, Peer-Reviewed, Open Access Scholarly Journal Indexed in recognized academic databases

(13
) on the other hand,integration (1) from t to 7 (¢) we are lead to
T (8)
Y@) =y 2 (@@ -s)y'(s)ds
t
But y"(s) = p(s)y(7 (s))
T (1)
Y@) =y (@) -s)tpls)y(r (s))ds
t
Now here it is given that, y(t) is increasing.
Therefore 7 (s) = 7 (t).
Hence
y(T(s)) zy(r (1)
T (1)
y(@) zgg?  (r(t) -s)'p(s)ds
t
Hence (12) becomes,
T (1)
Dy (t) z p'(O)y(T () + p() T’ (£) 4 I (z(8) —s)*'p(s)ds
t I'lx)
t
por TO [
' [
Dey'(8) = y(z (8) Bp (8) T (z(8) —s)*'p(s)ds (14)
+ ) t
But we know that from (1)
@)= O
" #
, T (%)
p' (1) '
1

<Dey" () =z v( 9
Hence we get,
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p(e) * (z
S (5]
T (t) -
F(a)  s)*
Ip(s
)T
(s)d ‘
S L
t
cDay"(t) >
az(t)y"(t)
Multiplying by
e—ﬁz(t)

“Di(e-r2()y"(1)) =
0 It gives that,

e=B2(1)y" () = 0

But y(6) = p()y(z (1))
e-r2(p()y(r (1)) = 0
y2(Oy(T(8) 2 0

y2(t)y(t (t)) is increasing.

Theorem 1.

Let 7(t) =t and assume

that Joo
sp(s)ds = oo
to
If
thr the T (t)
lim §’n fractional
supy:(t) 2 system (1).
t—oo ¢ Proof: t
fo
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p(s)(z () —s)«
ds

I'(a+ 1)y2(s) =

(1
6)

We argue by contradiction.Assume that (1) possesses an eventually positive increasing
solution y(t). By using Caputo fractional derivative of order a € (0, 1].
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Integrate (1) from t to u we get,

u
C_Dgfy(u) <Dgy(t) - p(s)y(t (s))ds
= + t

We know that,

Y2y (7 (s)) 2 y2()y(z ()

Hence

y(r(s) 2 ¢ y(r ()
2

Hence the integral becomes

Day(u) > y2(Oy(r! o
©) va(s

t

)dS

Now apply fractional integral of order a from t to u then we get

v = pateyten 14 3% PGg) Casaae

Now we change the order of integration then we get

yw) = pa(ole(e) 3 LB GE)fHss)e

Setting u = 7 (t) we have

T
y(r (1) =z y( t P(s)(T

(©))y2(t) ) (©)-s)=
) T(a+1
¢ )v2(s)
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ds

Which contradicts (14) and we conclude that class N; is empty.
The above theorem can be reformulated in term of unbounded oscillation.

(9 International Journal of Science, Strategic Management and Technology A —

Theorem 2.
Let 7(t) 2t and (9),(14) hold. Then every unbounded solution of (1) is oscillatory.

If 1/y2(t) is increasing, then it is easy to see that (6) implies (14). In the following couple
of illustra-tive examples we will demonstrate the real progress.

Example 1.

We consider the advanced fractional differential equation with constant coefficients

CDay(t) = p2y(t+271.), p» >0, T. >0 (17)
t %

It is easy to verify that criterion (6) guarantees N, = ¢ provided that

p.T. >Vl %~0.707106.

On the other hand, simple calculation yields.

2 2
a (t) =2p2t +2p 7 (t+ 27 )a1
2« D@ =

Thus,

s+ 2 72
B (t) =2p?2T t+ 2pr (t+ 27 )=
2 * * T'(a+l) *

and

x 52 12
y (t) = p%exp -2p?t t— 2 (t+ 21 )~
2 * * * T'(a+1l) *

and we conclude that y2(t)y(t + 27.) is increasing. But then also

)_/2 (t)y(t + 21—*) T with )_/2 (t) :ze—Zp* T* t
The reason for introducing function y (t) is the fact that it is more acceptable than a(t)

. 272 .
because the fractional term exp - 2 (t + 2t )= does not bring any progress for
monotonicity of y(t) EN .
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Ma+1l) * 2

Condition (14) with y2(t) = y2(t) reduces to

edp?t? 2 2

By standard numerical methods we can verify that the inequality

ex>2x+1 , x>0

it satisfied for all x> 1.256431 and consequently (16) holds true provided that

Fse
p.t. > 1256431 - (560453

Consequently, our progress is significant.
Example 2.

We consider the advanced fractional differential equation

cDay(t) = BX yap) ) O<as<
1 (19)

t tx

With p. > 0 and A > 1. According to fractional analogue of Koplatadze and Chanturia’s
criterion,(6) the class N2 = ¢ for equation (17) provided that

Aa -1

po 71 (20)

On the other hand, simple calculation yields.

az(t) — —a+p AG’@A
*

t

Therefore,
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Now, some necessary calculation yields that (14) takes the form

Ap* AelnA —Ae  Ap.AelnA -

e B
pP-AXINA

>1 (21)

To check the
progress,

Let A = e then fractional condition becomes,

p el 1 51
Hence
D+
> 1
ea?
1
o

then the above inequality reduces to

(ep*ea —ea)p ea—(ep*ea _])Ep Bﬂ—sﬂ * a
> e (22)

pe¥ -a
It is easy to verify that the inequality,
te—ex—(tex—1)(x—a) e
xX—a
For a = 1, this reduces exactly to original result.
p. > 1911063 x(.703041

Our progress is outstanding.

The next consideration are intended to improve the fractional criterion criterion (5). We
define triple of function as follows

p(t
ao(t) = - p(t)
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+7'(£)

T (1)

Bo () = ao(t)
Yo(£) = p(£)er0(8)

Lemma 3.

)
p(s
)ds
(2
3)
(24)
(25)

If T(t) <t and assume that y(t) € No then yo(t)y(z (t)) !.

Proof:

OFEN

ACCESS

Assume that (1) possesses a positive decreasing solution y(t),i.e y(t) € No.Proceeding exactly
as in the proof of Theorem 2 we are led to (12).0n the other hand,an integration (1) from t(¢)

to t yields
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Jt Je

—Dy (7 (8)) = —<Dy(t) + p(s)y(z (s))ds 2 y(7 (¢)) p(s)ds (26)
t t

7 (t) (1)

We conclude

L v = y(x(e) p'(t) — p(t)T (1) J tp(S)ds

a+1 T(t)

by combining inequalities (12) and (24).Taking (1) into account,we obtain

CDa+1y(t) + ao(t)Day(t) < 0
t t

Consequently,
(er0(DGDay (1)) < 0

and one can see that ef0#)Cpa s decreasing,which in view of (1) equivalent to yo(t)y(7(t))
is decreas-
ing.

Theorem 3.

Let 7 (t) <t
If
ps)s = T,
t (@) T + 7 =
lim supyo(t) 1)yo(s)
t—oo
T (1)

then Ny = ¢ for (1).
Proof:

We admit that Ny /= ¢ which means that (1) posseses an eventually positive decreasing
solution y(t). Integrating (1) from u to t and using the monotonicity of yo(t)y(r (t)), we

obtain

vals) 95
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t
by = —?gt yit)+ plshy(t(s)ds = yo(ty(r () JE pes)

u

u

Integrating once more that means of the fractional integral operator, we have

t|t _
yw) = yo(e(e(e) {O(SPCP;)) (sasepd 1

ux

By changing the order of integration we get

It
y) = yo()y(r P(S)(s—u)*
G))

ul'(a+1)yo(s)
ds.

Setting u = 1 (t), we

have

t J _
o @ = oy J(tg))a K
(©)yo(8) 'a+1

Jyo(s)
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T (t)

Which contradicts to condition (25) and we deduce that class Ny is empty.

Theorem 4.

If T(t) <t and (25) hold then every bounded solution of (1) is
oscillatory. We again support our results by couple of
illustrative examples.

Example 3.

ACCESS

We consider the retarded Caputo fractional differential equation of order 0 < a <1 with constant

coefficients

CDay(t) = p2y(t-21.) ,p+>0,7. >0 (28)

t *
By (5) the class No = ¢ provided that

p-t« > =0.707106.
V1

2
On the other hand,
ao(t) = 2p?te,
Bo(8) = Zp2tate,
y (6) = prez” T,

0 % K ¥

Consequently condition (25) reduces to

gAp2 Tla 2 2a
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- - - 91.256431
Proceeding exactly as in Example 1 we see that (27) holds if p.g* > 422722 ~(0.560453.

Example 4.

Consider the fractional delay Euler differential equation

Dy (e) = B y0), (30)

t ta

with p. > 0 and A € (0, 1).By (5) class No = ¢ for Eq.(28) provided that
p«(A2=1-alnA) > 1

Which for A = 1/e takes the form

p+>e=2.718281.

On the other hand,

a (t) — a’+p*(1—)\a) i
0 ta

Bo(t) = (a+ p.(1 -A9)Int,
y @© = p
tr*(1=A%) Now (25)
takes the form
P (1-Aa) A—p+(1- >,
Px “px(1-A9)~ AX)_pa

1+p*(1—
Aa)

Which is equivalent to

Ap*(1-A ) 5 5 4 2p.(1 = A@) = 2Aap.(1 - A@) =A<, (31)

We denote x = p.(1 —A9) and set A = 1/e. Then (29) becomes algebraic inequality
ex>2+2x-2e2x—-e* , x>0,a=1.
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Which holds true for all x> 1.110604 and so we deduce that

p. > 1110604 % 1.756950.

4 Extension

From our previous results it is natural to expect that there will be no nonoscillatory solution, or
equivalently all solutions will be oscillatory for certain fractional differential equations involving
both advanced and de-layed arguments. The purpose of this section is to show that this is
indeed the case for

Dy (t) = p(t)y(z (1)) + q(t)y(a(t)) (32)

Where p(t),q(t),7 (t),0(t) obey the corresponding conditions presented in (H1) and (H2), and
yo(t) is defined by (21),(22),(23) with p(t) and 7 (¢) replaced by q(t) and o(t), respectively.

Theorem 5.

Consider the mixed Caputo fractional differential equation

tDay(t) = p(t)y(z (8)) + q(t)y(o(D)), O<as1, (33)
where,

(0 =zt o(8) <¢
and suppose that (9) and (14) holds. Moreover, assume that

J
| t q(s)(s -o(0)
lim sup yo(t) o(—  ds>1.

t—oo ) T'(a+1)yo(s)

Then every solution of equation (32) is oscillatory.
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proof:

Assume, to the contrary, that equation (32) possesses a nonoscillatory solution y(t). Without
loss of gener-ality, suppose that

yi) >0, t=T

for some sufficiently large T

>0.
Since y(t) is eventually positive, there are only two possible cases.

Case 1. Assume that y(t) is eventually
increasing. Since

q(t)y(o(t)) 20,

equation  (32)

gives Dyy(t) = p(y(r (1)) + q(t)y(o(t)) =
p()y(z (1)).

Hence every eventually positive increasing solution of (32) is also a supersolution of the
advanced fractional equation

¢Day(t) = p(t)y(T (). ¢

By Lemma
2, y2(t)y(z (1))

is
increasing.

Proceeding exactly as in the proof of Theorem 1 and applying the fractional integral operator, we
obtain

Iz 3
© R o5 o ds.

Mo+ 1)y2(s)

Dividing both sides by the positive quantity y(t (t)) yields

J T (t) a
p(s)(t(t) —s) 1> pa(t) Mo+ 1)ya(s) ds.

]

Taking the limit superior as t — oo, 1 >lim sup y2(t)
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— s
IM'a+ 1)y (s)
@ p(s) ( (&) - 5)
t—oo t 2

which contradicts condition (16).
Therefore, equation (32) admits no eventually positive increasing solution.

Case 2. Assume that y(t) is eventually

decreasing. Since
p()y(r(8)) 20,

equation (32)

implies Dy(t) = pE)y(r (1)) + q(y(o()) =
q(t)y(a(2)).

Thus every eventually positive decreasing solution satisfies the delay fractional
inequality. By Lemma 3,

yo(t)y(o(t))
is
decreasing.
Proceeding exactly as in the proof of Theorem 3, we obtain
J
t s)(s—-o(t))~
o) . . UQIRLONS
Yo(t)y(o(t)) '

t) T'(a+1)yo(s)
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Dividing both sides by the positive quantity y(o(t)) gives

)
1 t q(s)(s-oa(t))*
=yo(8) o( ds.

t) T'(a+ 1)yo(s)

Taking the limit t
o 1) -o(0)"

superior, 1 = lim sup — s
yo(t) 9 ’
) Tla+1)yo(s)

t—co

which contradicts the assumed hypothesis.

Hence no eventually positive decreasing solution exists.

Since every nonoscillatory solution must eventually be either increasing or decreasing, both
possibilities lead to contradictions.

Therefore, equation (32) possesses no nonoscillatory

solutions. Hence every solution of equation (32) is

oscillatory.

5 Conclusion

In this paper, we investigated the oscillatory behavior of a class of Caputo fractional differential
equations involving advanced and delayed arguments. By establishing new monotonicity
properties for eventually positive solutions, we derived improved oscillation criteria for both
advanced and retarded fractional dif-ferential equations. The obtained sufficient conditions
exclude the existence of positive monotone solutions under weaker assumptions, thereby
extending and strengthening several previously known oscillation results. Furthermore, the
developed theory was extended to mixed fractional differential equations containing both
advanced and delayed arguments. The illustrative examples confirmed the effectiveness and
applicability of the proposed criteria and demonstrated a significant improvement over existing
results. Therefore, the present work contributes to the qualitative theory of fractional
differential equations and provides a useful framework for future research on nonlinear
fractional models, variable-order fractional systems, and more general equations with deviating
arguments.
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