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Abstract
This paper studies upper bounds for the product Harary—Furtula index RD*,,(G) of

splice and thorn graphs. For the splice graph obtained by joining selected vertices of
two connected graphs with a new edge, the changes in vertex degrees and distances are
analyzed to derive an upper bound in terms of the structural parameters of the constituent
graphs. The study is further extended to thorn graphs formed by attaching pendant vertices
to the vertices of a given graph. Suitable parameters involving the number of pendant
vertices, degree bounds, and distance contributions are introduced to establish an upper
bound for the product Harary—Furtula index. A special case in which the same number of
pendant vertices is attached to every vertex is also considered. The results provide useful

inequalities for the product Harary—Furtula index under these graph constructions.
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1 Introduction

All graphs considered in this paper are simple and connected. The degree of a vertex x in a
graph G is denoted by dg(x), and the distance between two vertices x and y is denoted by
da(x, y) . Graph invariants provide useful mathematical descriptors for investigating structural
properties of graphs and molecular structures. In chemical graph theory, such invariants are
commonly referred to as topological indices and have been extensively used in molecular
modeling, quantitative structure—property relationship (QSPR) studies, and structure—activity
investigations [1, 2]. Among the different classes of topological indices, distance-based indices
have received considerable attention because they incorporate the distances between pairs of

vertices.

The Wiener index is one of the earliest and most extensively studied distance-based
topological indices. It was introduced by Wiener in 1947 in Connecztion with the study of
the boiling points of paraffin compounds and is defined by W(G) =7 i, e dae(x, ¥). The
reciprocal counterpart of the Wiener index is the Harary index, defined by H(G) =" (,3cnq) -
The Harary index was introduced in the context of chemical graph theory and has subsequently
been investigated for various classes of graphs [3, 4]. Distance-based descriptors such as the
Wiener and Harary indices have also been studied in relation to molecular structure and other
graph invariants [5].

Degree-based topological indices constitute another important class of graph invariants.
Among them, the Zagreb indices introduced by Gutman and Trinajstic” have played a
fundamental role in mathematical chemistry [6]. The first and second Zagreb indices
of a graph G are respectively defined by Mi(G) = zqv eo(do(u) + dg(v)) and
Mry(G) = Xqu 5G) da(u)da(v). Another important degree-based descriptor is the Forgotten
index, introduced by Furtula and Gutman, which is defined by F(G) = Ty dé(u)

= Zweg( d* @i1) + d* (%) . These indices have been widely investigated because of their
structural interpretations and their relationships with other graph mvariants [7, 8].

The interaction between degree and distance information has led to the development of
several combined topological descriptors. In particular, the Harary—Gutman and Harary—
Furtula indices incorporate vertex degrees into the reciprocal-distance framework. The Harary—
Gutman index and Harary—Furtula index are respectively defined by

dch! + d(;iy[

RD EG(G) =
e 466 Y)
and ) 2 + ()
RDHF (G) = —dG(x y)

1EA%SI4(G)]
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The product versions of these descriptors are given by

1 do(x) + do(y)
RD??G (G) = dG(x )
{eSn(G) Y
nd N 2w +d0)
X) +
RD},-(G) = 6 PGV

potene A6

The latter index is the principal object of investigation in the present paper. The product
Harary—Furtula index incorporates both degree and distance information and therefore reflects
structural properties of a graph through a multiplicative framework [9, 10].

Recent studies on topological indices have considered reciprocal versions, products of
topological indices, and relationships between distance- and degree-based descriptors. Such
investigations provide a framework for studying multiplicative graph invariants and their
extremal properties. The Harary index and its generalizations have also been investigated for
different graph classes and graph operations [4, 5]. These developments motivate the study of

product versions of degree—distance topological indices for various graph constructions.

Motivated by these developments, the present paper investigates upper bounds for the
product Harary—Furtula index for two important graph constructions, namely splice graphs
and thorn graphs. First, we consider the splice graph obtained from two connected graphs by
joining selected vertices with a new edge. The addition of the connecting edge changes the
degrees of the selected vertices and also affects the distances between vertices belonging to the
two constituent graphs. By analyzing these degree and distance contributions, an upper bound

for RD*¥r (G) is established in terms of the structural parameters of the original graphs.

The study is further extended to thorn graphs, which are obtained by attaching pendant
vertices to the vertices of a given graph. The addition of pendant vertices produces changes
in both degree and distance contributions to the product Harary—Furtula index. To handle these
contributions, suitable parameters involving the numbers of pendant vertices, degree bounds,
and distance-related quantities are introduced. Using these parameters, an upper bound for

RDy; (G) is derived. A special case in which the same number of pendant vertices is attached
to every vertex of the base graph is also considered.

Thus, the main objective of this paper is to establish upper bounds for the product Harary—
Furtula index of splice and thorn graphs. The obtained results provide relationships between
RDy;- (G) and fundamental structural parameters such as degree, distance, order, size, and the
parameters associated with the constituent or base graphs. These results contribute to the study
of product degree—distance topological indices and their behavior under graph constructions.
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2 Splice graph

Let G; = (si,t;) graph i = 1,2. The graph H obtained from Gi and G» by joining an edge
xy1, where x1 € V(G1) and y1 € V(G2). The graph H is called splice of G1 and G>.
)sl+s1

Theorem 1. Let H be a splice graph of Gi and Gz. Then RD%(H) < s , Where
(o ) (ne )
P= RD-'[-_]F(GI) +RD-;]F (GZ) + (AP HA )t2(4£1+A7)+5 GI(XG) n lsl(A +A )+2(A1+;4A22+5 O_l(y )+(¢;2 " |

A2) +2(A; +Ay) + 2+ (s - 1)(@’-“%“—)“— ) 1)(A2ﬂmﬂ%’)—2.,.—(s 1~ Dis2 - 1)(A2ﬂ%

Proof. Let V(G1) ={x1,x2,x3, * * * , x5} and V(G2) ={y1,12,3, - * * ,Vs,} The new edge joined
between the vertices x; and y1 denoted by e = x1y1 . Then

2%(de,(x)) +1) %+ dg (x)
P] =

=2 dg, (xi, x;)
J 5 5
L dg )+ dg, (x)
1 25 dGl (xi’ x/) 5
g o) + 1+ 24 (1) + iy ()
J=2 5 da, (xi azx_i)
2 dg, (x1) +dg (x))
2<i<j<s dg, (xi, x;)
Y 1+ 2dox)
= RDpp(G)) + dc (x1, %))
j=2
2 _L+2A;
SRDE(G)+ 4. G x)
=2

= RD}(G) + (1 + 2A00 J(x).

p 2+ +d ()

o dg,(viy))
z dGz(yl) + dGz()/J)
25i<j£slz dGz ()’21'7 y]) o
Z dGz(yi) + dGz(yJ) " Z 1+ 2dG2()71)
1<i<j<s, dGz(yi’yj) i=1 dGz(yi’yj)

< RDy(G)+ (1 + ZAz)O'_GIZ()q).
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)
= dél (x1) + d2G2 (1) +2ds (X11) +ds (1) N 2

<A+ A+ 2(A) + Ad) + 2.
1 2

P; = ((dcl(xl) +1)7% + ()dGI((yl) + 1)

_ o)+ D) 2+ dg ()
! = dGz()/‘l,yj) +1
JS—2 2 2
~ 2 dg,(x1) + 1 +2dg,(x1) + dg, (v))
o d6,(v1,y)) + 1
S 2 2
2 A +2A +1+A,
dGz(xl,yj) + 1

=2
122 (A2+2A1+ A + 1) ]
< ! 2 + (A2 +2A1 + 1+ A))
4 d . :
=2 Gz(yliyj)[ ]

1
=" (A +2A1 + A2+ 1) o)+ s — 1.
4 1 2 Gy

L Ta+n 2+ @

T de(nx)+1

Since here we find the sum between y; to x;, 1 <i < 5

S1 2 2
A Y dg,(n)+ 1+ 2de,(n) +dg, (xi)
- dGl(xl, x;) 1

i=2 )
<l{ AN +1+20+AN )(—1+1
4 i:(2 2 | Y de, (x1, X))
2192+1+2A2+A%610(X1)+S1—1
1 2 2

>y dg,(xi) + dg,(v))
= dc (x1,x;)) +dc U1, p) T 1
e ? )
. 12 2(ZSA2 +) : + 1 +1
- Y2 de (e, x) de,(01,y))

Pg

j=2 i=2
=4l(432 + éz)[(sz — 135 ) + (51 — Dodn) + (51 — Dis2 — 1)].

By the definition of RD¥;z for the graph H, we have
[( P ]s1+s2]

RD%,, <
HE S +S2
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where

P=P +Py+P3+Ps+ Ps5+ Ps
= RD* G+ (1+ 2A1)0 1(xl) + RD* (Gz) + (1 +2Ar)0- 1()/1)

(A|2 +2A1 +A2+1)

+(A2+A2)+2(A1+A2)+2+

1 2 4
( A2+ A+ 1 )
oG+ — 1) + T T+ =)

(w4 ), |
1 (2= DIl + (1 = Do) + 61— D2 = 1)

(s2(A2 + AD) + 2(4A1 + Ag) + 5

+

= RD%,.(G1) + RD,(G2) +

4
(51(A2 + A2) + 2(A; +4A2) +5)
ol + AR Tl + (43 + 49
(A22+ 20 + A 4 1)
+2(A1+A)+2+(s1— 1) 4 (s2—1)
W2 A +A (A2 AR
ML = D—1) =2
4 4
m
3 Thorn graph
Remark:
Let 7 be a thorn graph of a (s,7)- graph G denote
2 2 2 2 2 r+r
h= r,; L= L= 1, la= rry ;L= l
i=1 i=1 i=1 1<i<j<s 1<i<j<s da(xj, x;)
2 2
Y rit l rotr riri(ri + ri)

le = : =" k=

’ iz s 96X X)) "7 o, x)) YT d(x,x)
Theorem 2. Let 7 be a thorn graph of G \I/lth il <(i < s pe)qdent ed’g(es oy the vertices
X,x, ,x respectively. Then RD* (T) <! RD* (G)+ *I¥++2 6A+L

1 2 s HF %  HF — 4 1 T 7 2 2

3, 1 2 A | llX
z3_|_,§_'_ A+§1A+1 15 Lz-l—] Z6+Z7+
Proof. Let T be the thorn graph of G with 7;, 1 < i < s parameters and let {x1,x2, - + -, x5}

be the vertices of G and ri, 1 < i < s be pendent vertices adjacent to x;, where k is any

non-negative integer.
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Y (do(xi) + i) + (do(x) + )

14<j<s da(xi, x;)
2 2

2 2
2 (dgr) +dgx) 2 oy

15;‘525; do(xi, x)) 1<i<j<s d(xi, X))

14<j<s dG(Xi, Xj)

2 2

rET;
RD}(G) + + - J
1<i<j<s da(xi, x))

2 2(rid(x)) + rid(x;

14<)<s dg(x;, xj)

> (do(xi) + 7 z’)2 + d% (7ik)

li<s dr(xi, rik)
1<k<r

2:

One can find that the distance from a vertex x; to ri is 1 and degree of a vertex ri is T is
1. Thus

T = Z l”i(d2 (x,-) +77 4+ 2rl-dc;(x,-) + 1)
G i

i=1

= (r ,-dg(x,-) + 277 dG(xi) + P Fi).

2 P(ra) + & (r)
T T

Ti =
’ I<i<s dr(vir, i)
1£E<l_<r,
_ lES (&.)
2 z':l 2
_1 > Y= 1 )
2 2
_ l(z s rz ZS r')
4 T

Y (do(xi) +ri) + di (%)

14<j<s dr(Xi, 7'jx)
1<k<r;

Ty =
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In this case, dr(xi, 7jx) = do(xi + x;) + 1 and degree of rjx is 1, Thus

(do(xi) + ri)* + 1
1isjss  do(xi, x7) + 1
Y d* () +r? + 2rdo(xi) + 1
G i

Ta =

dG(xi, Xj) + 1

1<i<j<s

By Jenson’s inequaltiy, we have
1 1
e )r++ 4d—+ —withequality < do(x;, x)) = 1.

G i G(xi’xj) 4

IA

Thus
2 (i) + 1 4 2rido(x) + 1
<
Ty < s 4dc(xi, x))
2 P () + P+ 2ride(xi) + 1
G i

+ =1+ L
4do(xi, X)) e

1<i<j<s

where

2 2 2 2
I Z r_;(dG(xl-) +r + 2rl-dg(xl-) + 1) + rl-(dG(xj) + r; + 2rjdg(x_,~) + 1)
R 4da(x, x))
I<i<j<s ) ) ) )
Y (rdg(xi) + ridg(x)) + rjry + rir; + drir(de(xi) + do(x))) + i + 1))
- Wy, ) '

1<i<j<s

hence
2 2 2 2
2 rA + 1A+ i+ 8rirjA 4 ri+
L < : : :
1<i<j<s 4da(xi, x))
Z (A2 + 1)(ri + I"j) + I"il"j(l"i + l"j) + 81"1'1"_,'A
4dg(x; xj)

But
L= 2 d(xi) + 1+ 2rida(x) + 1
. 4dc(xi, x;)
) l[z ]

- Az Vz 2Ar; + 1
4<_lz(( +ri+ r+))
== (AP+ 1)+ + 2405
4 i
[ % )| b3
1
:_4(A2+1) ! riz— 1 no+ J r —z rl2
i=1 = i=1 i=1
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Thus
>

(A2 + 1)(1’,’ + I”j) + Vii’j(i”i + }’j) + 81’il”jA

Ta= 14<j<s 4c§;(xi, X))
+ A2+—41r i + 4 (i:1 ri)’ . r
Wi s
+ Az ( n) —Z r?

i=1 i=1

2 P (i) + d(ry)
Ts — T T

1<i<j<s dT(nk’ rﬂ)

1 SkSr,»
1<i<r;

) T
de(xi, xj) + 2
> rit 2 rit;

=< 2d (i, x;)

1<i<j<s

I<i<j<s

1<i<j<s

By the definition of RD%,. for the thorn graph 7', we obtain
| S o2+R X

i i 2Ar i+

RDYe(T) < S RDp(@)+ © L4 vt

s 1<i<j<s dG(xi! xj) 1<i<j<s dG(xt; xj)

N

> o > 12
s (Azr,‘+2A’r2+’r3+r,~)+%1l,jl—l4;lf_,»=1

(A2 + D) + 1)) + rirf(ri + 1)) + 8rirjA

14<)<s 4dc(xi, x )
A R I A
4 Simg 11Ty " * 21(. r) = T
g o1l - I ke
+ (A 7"[)2 — r? Ll + bl
[ 2 - i=1 1K 2dG(Xi, x_;) 14<j<s
Zl RD* (G)+Z7+2AZS+A211 +2AL+ 5L+ 1 +l*2 —h
x 4 4
A*+1) s 8A  (A’+1) 1,
(-A'_) 4 115 + Z + TZG + 4 [Sll - 12] + 4—.[11 — 13]
= [12 _ 12] + j 14 ]X
2 ! 2Ty
1! (s+3a2+542) AR 1)
RD}y (T) < 5 RD3p(G) + Tttty
oart) 35 b Waesastl  laasd e
o - Iy
y bttt 2 o, lth+,
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Let T be a thorn graph of G with » parameters on every vertex of G. Then by remark.
L=srb=srl=sr1= (SE)I’2

1
s =2 G
5 rlsis]'ss dg(xi, Xj) rH(G)
2 1
le =72 e
6 1<i<j<s de(x;, xj) (G)
2 1
=22 & —— o2
7 1< j<s dg(x;, xj) ()]
1
Iy =2.° —— =2"H(G)
1<i<j<s da(xi, x;)
Thus by Theorem 1, we have
[ ( 2 )
RDy;(G) < l>RD+ Mo+ (S+3)A4+s+2 g+ srz(ZAsz6A+ 1) +§(S2 oy
=) rHG) b

g o+ 5 (A2 +4AF+2)+r(r+2)+1) .

4 Conclusion

In this paper, upper bounds for the product Harary—Furtula index RD*,(G) were established
for splice and thorn graphs. The degree and distance contributions arising from these graph
constructions were analyzed to obtain the required bounds. The results provide useful
relationships between the product Harary—Furtula index and the structural parameters of the
underlying graphs.

References

[1] Wiener H., (1947), Structural determination of paraffin boiling points, J. Am. Chem. Soc.,
69, 17-20.

[2] Dobrynin A. A., Entringer R., Gutman 1., (2001), Wiener index of trees: Theory and
applications, Acta Appl. Math., 66, 211-249.

[3] Plavs’ic” D., Nikolic” S., Trinajstic” N., Mihalic” Z., (1993), On the Harary index for the
characterization of chemical graphs, J. Math. Chem., 12, 235-250.

[4] XuK., Das K. C., (2011), On Harary index of graphs, Discrete Appl. Math., 159, 1631—
1640.

[5] Zhou B., Cai X., Trinajstic” N., (2008), On the Harary index, J. Math. Chem., 44, 611-618.

© Author(s). This work is peer-reviewed, openly published, and permanently archived
This article is openly accessible and reusable with proper attribution.

https://ijsmt.org/ , Email: editor@jijsmt.org 10

ACCESS


https://ijsmt.org/
mailto:editor@ijsmt.org

%4 International Journal of Science, Strategic Management and Technology R —

Q
(’”) Volume 02 Issue 08 August-2026 | ISSN: 3108-1762 (Online) | Impact Factor: 3.8
Ny An International, Peer-Reviewed, Open Access Scholarly Journal Indexed in recognized academic databases

[6] Gutman L., Trinajstic” N., (1972), Graph theory and molecular orbitals. Total 7 -electron
energy of alternant hydrocarbons, Chem. Phys. Lett., 17, 535-538.

[7] Furtula B., Gutman I., (2015), A forgotten topological index, J. Math. Chem., 53, 1184—
1190.

[8] Trinajstic” N., Nikolic” S., Basak S. C., Lukovits L., (2001), Distance indices and their
hyper-counterparts: Intercorrelation and use in structure—property modeling, SAR OSAR
Environ. Res., 12, 31-54.

[9] Gutman I., Furtula B., Redzepovic 1., (2024), On topological indices and their reciprocals,
MATCH Commun. Math. Comput. Chem., 91, 287-297.

[10] XuK., Trinajstic” N., (2011), Hyper-Wiener and Harary indices of graphs with cut edges,
Util. Math., 84, 153—163.

© Author(s). This work is peer-reviewed, openly published, and permanently archived
This article is openly accessible and reusable with proper attribution.
https://ijsmt.org/ , Email: editor@jijsmt.org 11


https://ijsmt.org/
mailto:editor@ijsmt.org

