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Abstract

A hospital has a static number of ward beds, intensive care unit (ICU) beds, operating theatre (OT) hours, nurses and
doctors and a weekly problem of allocating these resources between various departments and patients groups. This
pressure is particularly strong in India, where there are roughly 1.6 hospital beds and 0.7 doctors available per 1,000
people, which is significantly lower compared to most of the larger economies in the world. This report focuses on the
use of Operations Research (OR) in making these decisions and specifically on linear programming (LP). In depth
analysis of two journal articles. The first, published in the European Journal of Operational Research by Blake and Carter
(2002), is a linear goal programming model for determining the case mix of a Toronto teaching hospital following an
18% reduction in funding. In Naval Research Logistics, Mehrotra et al. (2020) develop a stochastic mixed-integer linear
program to help allocate and share the stockpile of ventilators in the United States during COVID-19 between the states.
For each paper we describe the real-life problem, the model, the solution method and its strengths and weaknesses. We
then formulate a general LP for the problem of resource allocation at a hospital and solve a numerical example of our
own, using Python. The illustration defines the binding resources and prices them with shadow prices, examines the
sensitivity of the ICU capacity, and demonstrates how a 10% reduction in the nursing hours makes it necessary to make
a decision between financial balance and service volume through goal programming.

1. Introduction to OR and the Problem Type

1A. What is Operations Research?

Operations Research is the use of mathematical models and analysis to decide how scarce resources should be used. The
steps of a typical study are the same: The actual problem is formulated; The problem is written as a model including its
decision variables, objective function (to maximise or minimise), and constraints - descriptions of the limits; The model
is solved, either exactly, or using a heuristic; The answer is verified by comparing it to the actual situation;
Implementation of the answer. The most popular of these techniques is linear programming, which was developed late
in the 1940s by Dantzig. An LP's objective and its constraints are linear, and can be solved in seconds with a simplex
method or an interior-point method when we have many thousands of variables. LP also provides more than just the
answer—the dual values (shadow prices) indicate the value of one additional unit of each resource to a manager.

1B. Hospital resource allocation as an OR problem

The hospital resource allocation model is a natural LP problem. The decision variables are the number of patients of
each type that the hospital will treat, or the quantity of some resource that it provides to each unit. Patients of each type
utilise a fixed quantity of each resource (bed-days, iCU days, theatre time, nursing hours) and each resource has a fixed
capacity, and the hospital wishes to maximise some measure of value (such as patients treated, benefit to health, or
contribution to the finances). The same structure as the classic product mix problem in manufacturing, but patient groups
take the place of products. In hospital planning, this is referred to as case mix planning and places decisions at the
strategic and tactical level of hospital planning, rather than at the day-to-day level of planning.
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It's not just an academic issue. The health-system capacity of each country is compared in figure 1. India's health
infrastructure is severely underdeveloped, with the availability of just one hospital bed per 1,000 persons compared to
over 12 hospital beds per 1,000 persons in Japan and South Korea and 2.68 beds per 1,000 persons in the United States,
while there are just 0.72 physicians per 1,000 persons against 3 to 4.5 physicians per 1,000 persons in most of the high-
income countries. If the space is so constrained, it's as much a matter of how it's divided as it is of how much there is.

Hospital beds per 1,000 people Physicians per 1,000 people

United Kingdom - £ Brazil -

India SN 1-59 india - 0-72

ndonesia - I ndoneasia -

0.0 25 5. 7.5  10.0 125 ( ] 2 3 4
Figure 1. Hospital beds and physicians per 1,000 people, India and selected countries

The models in this report differ in three ways from hospital allocation of resources because they are different from a
factory product mix: The first is that there are more than one decision maker: doctors are concerned with their practice
and income, the administrators with the budget, and the public with access. Several targets are often being dealt with in
one problem - this is what is called goal programming (Charnes and Cooper, 1961), a variant of LP. Second, minimum
service levels are imposed: a public or teaching hospital is not allowed to simply cease care of low-margin patients.
Third, demand is uncertain, and in a crisis such as a pandemic the uncertainty becomes the main issue, which calls for

stochastic programming. These are the angles picked — in Paper A, the multi-goal LP is within one hospital, in Paper B,
the stochastic LP is a health system.

1C. Method and structure

Two journal articles were chosen for analysis, with the same headings used: real-life context, modelling, solution
methodology and critical analysis. Analyses are based on published papers, their abstracts and bibliographic information
and secondary literature on the papers. Papers are introduced in Section 2 and analysed in Sections 3 and 4, a general
mathematical model is given in Section 5, this is then applied to a numerical example of our own in Section 6, and the
approaches are reflected on in Section 7, before the conclusion in Section 8.

2. Selected Research Papers

Table 1. Articles analysed in this report

Paper Reference Domain OR technique

A Blake, J. T., & Carter, M. W. (2002). A goal Healthcare;  hospital Linear goal programming
programming approach to strategic resource case mix and budget (two linked LP models)
allocation in acute care hospitals. European = planning
Journal of Operational Research, 140(3),

541-561.

B Mehrotra, S., Rahimian, H., Barah, M., Luo, Healthcare; emergency Two-stage stochastic
F., & Schantz, K. (2020). A model of supply- medical supply = program solved as a mixed-
chain decisions for resource sharing with an = allocation integer  linear  program
application to ventilator allocation to combat (MILP)

COVID-19. Naval Research Logistics, 67(5),
303-320.
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The two papers complement each other. Paper A allocates the resources of one hospital over a planning year under several conflicting goals.
Paper B allocates a single critical resource across a whole country day by day under uncertain demand.

3. Analysis of Paper A: Goal Programming for Hospital Case Mix

3A. Real-life context

At the time of the study, Ontario hospitals in Canada were experiencing major reductions in public funding. The funding
cuts for the teaching hospital Mt Sinai Hospital in Toronto were announced as a three-year drop of 18%. The hospital's
surgical department had to determine which patients and in what numbers to see, to make up for the lesser revenue. This
decision is the hospital's case mix. It had to be done without losing the surgeons, whose livelihoods and work modes
rely on the numbers and nature of the cases they can be given. The field is healthcare management and public-sector
budgeting. The problem has many patient types, many surgeons and several limited resources, all with linear
relationships (cost per case, beds per case, etc. theatre time per case), which is what an LP can represent and solve.

3B. Modelling and problem formulation

Two linear goal programming models are given in the paper. The first one is when the case mix and volume for each
physician are fixed. The second deals with the case mix selected and calculates the changes in physician practice (e.g.,
length of stay, tests used, etc.) that would be required to attain the cost targets. The main elements are:

o Objective: Minimise the weighted sum of unwanted deviation from a set of goals instead of maximise
a single quantity.
o Goals and constraints: the hospital must break even (Case mix consistent with reduced budget);

individual physician income should be close to a target; the bed, theatre, resource utilization must remain within
availability; and the new case mix must not be too far removed from current practice.

o Decision variables: number of cases of each of the two types assigned to each physician (Model 1), and
the change in resource use per case (Model 2); a pair of deviation variables (under- and over-achievement) for
each goal.
o Type of problem: A multi-objective linear program in goal programming form, is a case mix (product-
mix) problem in resource capacity.
o Assumptions: resource use is linear and fixed per case type; size of the population to be served by the
planned volume of each case type is reasonable; goals and weights can be predetermined with the decision
makers.

3C. Methodology

After including the deviation variables, a goal program becomes an ordinary LP, which can be solved using the simplex
method in a typical LP solver. The contribution of the paper is the formulation and the way it is used rather than a new
algorithm. Models were executed using data from hospital and physicians from the surgical division of Mount Sinai.
They were validated with use: the hospital decision makers used the results to consider options and the models were
used to identify the trade-offs between case mix and physician practice variables that were difficult to discern by hand.

3D. Findings, impact and analysis

The authors demonstrate how the models can be used by a hospital to determine its case mix and case costs as needed,
without altering physician income significantly, and without requiring a great deal of change in practice. The method
brings out the financial vs. professional motivations and puts them in black and white, allowing managers to discuss the
numbers rather than opinions with doctors. One of its key tenets — that modest changes in case mix are more likely to be
accepted by physicians — has been echoed later by Blake and Carter (2017) who point out that physicians will accept
changes in case mix only when the changes are modest, which is one reason to model goals and deviations (and not
attempt to force a pure profit-maximising case mix).

o Strengths: It can deal with multiple stakeholders simultaneously, it is based on standard, quick LP

machinery, it generates trade-off curves that can be used for negotiation, and it has been tested on real hospital

data, in a real context of a funding cut.

o Assumptions: Linear costs do not account for economies of scale and fixed costs for opening or closing

services; the length of stay and demand are assumed; goal weights are subjective; emphasis is given to the

surgical division of the hospital and not the entire hospital.
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. Extensions: stochastic demand and length of stay; integer variables for discrete decisions, e.g. opening
a ward; patient outcomes/waiting times as explicit goals; linking case mix planning with theatre scheduling,
which was later tackled by the same hospital using integer programming.

4. Analysis of Paper B: Ventilator Allocation during COVID-19

4A. Real-life context

The United States was projected to face a shortage of mechanical ventilators in March 2020. The Federal Emergency
Management Agency (FEMA) had 20,000 ventilators in its inventory and had then distributed over 8,100, with 4,400
units distributed to New York. Demand forecasts for the various states were different for the peak demand in April and
May. A unit is wasted which goes to a state that already has reached its saturation point, while another state is lacking
in capacity. Paper B focuses on where the central stockpile should go, and when states should return their idle ventilators
to be used elsewhere. The field of work is healthcare logistics and emergency response. OR is appropriate since this is
a large resource allocation over time with balance constraints, and since uncertainty of demand can be modeled in the
form of scenarios within an LP.

4B. Modelling and problem formulation

The model plans for each US state on a day-by-day basis for 70 days (from 23 March to 31 May 2020). It is briefly
summarized in Table 2.

Table 2. Main notation in Paper B

Symbol Meaning

Xnt Ventilators sent from the central agency to state » at the start of day ¢

Znt Ventilators returned by state # to the central agency on day ¢

Vnt Ventilators in state n available for COVID-19 patients at the end of day ¢

St Central (federal) inventory at the end of day ¢, so = 7= 20,000

Ayt Uncertain number of critical patients needing a ventilator (scenario-based)
O New production arriving on day ¢ (100 per day, rising to 300 from 15 April)
Yo Share of a state's own stock reserved for non-COVID patients

Tn Share of usable stock a state is willing to share

Pn Safety-stock multiplier a state keeps before releasing units (set to 1.5)

The goal is to minimize the expected total shortage, Xt ¥n E[(dnt — ynt)+] in ventilator-days. The constraints are: an
inventory balance for each state (stock today = stock yesterday + received — returned), an inventory balance for the
central stockpile (including production and returns), a limit on the number of units the agency can ship (its inventory),
a sharing rule that a state returns units only from stock above its safety level pndnt and within its willingness to share
n, and initial conditions yn0 = (1 —yn)Yn and s0 = I. Key assumptions include a single decision maker, decisions at the
beginning of each day, a finite number of situations of demand that are known and have known probabilities, and no
transport time and no loss of equipment.

4C. Methodology

The shortage term (d — y)t, and the sharing rule, are non-linear, and are thus linearised by the introduction of an auxiliary
shortage variable entt = dnt — ynt, entt > 0, and the replacement of the second sharing rule with a binary variable, along
with big-M constraints. The stochastic program is then formulated in extensive form as one large mixed binary linear
program, since there is a finite number of scenarios. The model was implemented in Python 3.7 and solved using the
Gurobi 9.1 solver on a 14-core workstation, using a 1 hour time limit per run. For each of the four cases, between average
and severe demand scenarios were considered from the IHME COVID-19 forecasts' confidence intervals (24 scenarios
per case). To check the demand inputs, the authors compared the forecast with reported New York deaths (217.9 forecast
and 237 reported on 29 March; and 262.2 forecast and 253 reported on 30 March)
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4D. Findings, impact and analysis

The big issue is that the solution is largely state-dependent, in that the proportion of state supply dedicated to non-
COVID patients plays a significant role. The 20,000-unit stockpile is almost sufficient if 50% to 60% of the state's stock
is usable for COVID-19. In all scenarios, there are shortages, which, in the severe scenario, are on the order of ~28,500
ventilator-days, with a peak shortage of ~2,700 ventilators on 12 April 2020. At its peak, New York would require an
additional 7,600 - 9,200 ventilators, and between 400 - 2,000 of those could be donated to other states when New York's
peak was over. As seen in figure 2, from the results table of the paper, inter-state sharing reduces the total shortage by
13% to 19% in all the cases.

Paper B: shortage when 75% of state stock is reserved for non-COVID care

No sharing (Tt = 0%)

.. 30,000 4 28 53
Al Bl States share 50% (1 = 50%)
¥ 25,000+
= 20,000 4
D 5,749 _16%
o 15,000 4
o
S 10,000 4
W
] -17%
=) 5.000 + 1,395 3.668 = 19%
3 - L 2.337
0 \ :
Case | Case Case I Case |V
Average-| Average-l| Worse than avg Severe

Data: Metirotra et al (2020), Table 1. vy = 75%., 23 March to 31 May 2020. Chart drawn by the authors of this report

Figure 2. Total ventilator shortage with and without sharing (Paper B, y = 75%)

Table 3. Total shortage in ventilator-days by reserve level y and sharing level T (Paper B, Table 1)

¥, 7) Case I Case Il Case 111 Case IV
(50%, 0%) 112 0 23 303
(50%, 50%) 0 0 0 0

(60%, 0%) 611 96 2,525 2,001
(60%, 50%) 0 0 157 32
(75%, 0%) 4,395 2,877 15,749 28,530
(75%, 50%) 3,668 2,337 13,300 24,828

Values rounded to the nearest ventilator-day. Cases I to IV put increasing probability weight on the top quarter of the IHME forecast range.

The impact is real: a model was provided that allowed planners to conduct rapid allocation policy tests, and an online
planning tool was made available by the authors to planners. The paper was awarded the Harold W. Kuhn award for the
best paper in Naval Research Logistics.

. Strengths: captures timing (one-off allocation does not); treats uncertainty explicitly, using scenarios;
shows value of cooperation between states in numbers; built from public data and runs on standard software.
. There are also several restrictions—results rely on forecasts as well as on approximate estimates of the

stocks of goods held in the states; transport times are not taken into account; equipment compatibility is not
considered; and the parameter p for the safety-stock is fixed; and—most importantly—equality among the states
is not an explicit goal and the cost of total shortage may be high enough that one state ends up in much worse
shape.

o Extensions: a multistage version that re-plans as data come in (which the authors were working on);
equity or worst-state objectives; connection of ventilators to ICU beds and staff (a ventilator without a bed, or a
ventilator without staff); and application of to oxygen sharing or ICU-bed sharing between Indian states.
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5. Mathematical Model: The Hospital Resource Allocation LP

The two papers share the basic elements: limited resources are used at fixed rates by patient types; capacity must be
adhered to. The general model below is stated and then the goal programming form in Paper A is illustrated.

Table 4. Notation for the general model

Symbol Meaning

j=1l..n Patient groups (departments or case types)

r=1.m Resources (ward bed-days, ICU bed-days, OT hours, nursing hours, doctor hours)
G Value of one case of type j (contribution margin, patients served or health benefit)
a Amount of resource 7 used by one case of type j

b, Amount of resource r available in the planning period

L;, Uj Minimum service level and maximum demand for patient group j

Xi Decision variable: number of cases of type j planned

d,d Under- and over-achievement deviation variables for a goal

Formulation (LP form)

Maximise Z = X" ¢j X; )
subject to:

Yi-1" a5 X; < b;, foreachresourcer=1..m 2)

x; > L;, foreachj (minimum service) 3)

xj < Uj, foreachj (demand ceiling) 4)

xj > 0 (integer if whole patients are required) &)

Equation (1) maximises the total value of the case mix. Constraint (2) keeps the use of each resource within capacity.
Constraint (3) protects essential services such as maternity and emergency medicine, and (4) stops the model planning
more cases than will arrive. The dual of this LP attaches a price yr > 0 to each resource. At the optimum, y; is the gain in
Z from one more unit of resource 7, and a resource with spare capacity has y: = 0. The reduced cost of patient group j is

¢j — X arjyr; When it is negative, each extra case of that type displaces more valuable work, so the model holds that group
at its minimum.

Goal programming form. When there are several targets, each becomes a goal equation with deviation variables:

Yicixjt+do —do" =F (financial break-even target) (6)
xj+di —di"=Tj, foreachj (volume targets) @)
YieiwpiXjtex —ex =l foreach physician k (income targets) (®)
Minimise Pi(do") > Pa(Z wjdj") > P3(Zkex +ex’) 9

Constraints (2) to (5) remain as hard limits. In (9), the symbol > means the goals are solved in order of priority (pre-
emptive goal programming); alternatively the deviations can be added with weights into a single objective. Equation
(8), with p; the physician fee per case and J(k) the cases of physician £, is the kind of goal that Paper A adds to protect
physician income. Paper B keeps the same resource-balance logic but adds a time index, inventory balance equations
and scenarios for demand.

6. Extension: A Numerical Illustration for a 220-Bed Hospital

In order to demonstrate how the model can be used in practice, we constructed and solved an example case. All the data
are assumed, but realistic for a private multi-speciality hospital in an Indian metro city. The hospital has 220 ward beds
(85% occupancy), 20 ICU beds (90% occupancy), six operating theatres, operating 10 hours a day, six days a week,
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5,400 hours of direct nursing time and 2,200 consultant hours a week. It's a competition between 5 departments for these
resources. The data are presented in Table 5.

Table 5. Input data per case and weekly capacity

Department Contrib. = Ward ICU oT Nursing Consultant = Min / Max cases

X'000) bed- bed- hours hours hours

days days

General Medicine 12 4.5 0.4 0 18 6 80/120
General Surgery 28 5.0 0.6 2.5 22 8 30/70
Orthopaedics 35 6.0 0.3 3.0 24 9 15/45
Cardiology 60 4.0 1.5 3.5 30 12 10/40
Obstetrics & 15 3.0 0.2 1.2 14 5 60/ 80
Gynaecology
Weekly capacity 1,309 126 360 5,400 2,200

There are 5 variables, and 15 constraints for the LP (1-5). It was solved with the HIGHS solver in Python (using SciPy's
linprog), and solved once more with integer variables to see the impact of rounding.

6A. Optimal case mix

Table 6. Optimal weekly case mix

Department LP solution (cases) Integer solution Contribution, LP
(cases) X'000)

General Medicine 119.40 117 1,432.8

General Surgery 30.00 30 840.0

Orthopaedics 43.67 43 1,528.4

Cardiology 23.43 24 1,405.6

Obstetrics & Gynaecology 60.00 60 900.0

Total 276.5 274 6,106.8

The highest plan gets a weekly payment of 361.1 lakh (26,106.8 thousand). For planning such a scale, the LP answer is
good enough, as the integer plan earns 260.9 lakh (which is 0.3% less than the LP answer). Figure 3 displays the location
of each department in relation to its designated range. The number of cases in Cardiology and Orthopaedics is increased,
while General Medicine is almost at the upper bound of its demand, as there is no theatre time required in this department,
and general surgery and obstetrics are at a minimum service level.
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Optimal weekly case mix from the illustrative LP

119.4
General Medicine - [
30.0
General Surgery - @
43.7
Orthopaedics 4 e
23.4
Cardiology - L )
60.0
Obs. & Gynae, - o
T T T T T ] =
20 40 60 80 100 120
Admissions per week
@ Optimal LP admissions ! Allowed range (minimum service to demand ceiling)
Hypothetical data for a 220-bed hospital. Solved with the HiGHS solver in Python {SciPy)

Figure 3. Optimal weekly admissions within each department's allowed range

6B. Bottlenecks and shadow prices

The resources limiting the plan are shown in the figure and table. ICU [intensive care unit] bed-days, OT hours and
nursing hours are all fully used. Ward beds (93.4% used) and consultant time (87.8% used) are not constrained so have
a shadow price of zero -- meaning that additional units of these would not provide any benefit.

Table 7. Resource use and shadow prices at the optimum

Resource Used Available Utilisation Shadow price (%)
Ward bed-days 1,223.0 1,309 93.4% 0

ICU bed-days 126.0 126 100.0% 16,131

OT hours 360.0 360 100.0% 7,588

Nursing hours 5,400.0 5,400 100.0% 308

Consultant hours 1,930.5 2,200 87.8% 0

Resource utilisation at the optimum and value of one extra unit

Ward bed-days

93.4% slack, shadow price 0

ICU bed-days - 100.0% shadow price 216,131

OT hours - 100.0% shadow price 27,588

Nursing hours 100.0% shadow price 2308

Consultant hours

87.8% slack, shadow price 0

;‘ A 75 T X 55 T
0 25 50 75 100
Capacity used (%)
BEE Binding constraint W Spare capacity
Shadow price = rise In weekly contribution from one more unit of the resource (€ per bed-day or per fiour)

Figure 4. Capacity used and shadow price of each resource

The shadow prices transform the solution to management counsel. An additional ICU bed-day translates to about
%16,131 per week and an additional staffed bed (6.3 bed-days per week at 90% occupancy) translates to about X1.02
lakh per week, which can then be directly matched with the cost of equipping and staffing the bed. An additional hour
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of theatre equates to 7,588, allowing for the possibility of theatre hours continuing into the evening. In fact, one
additional hour of nursing adds up to just an extra ¥308. The decreased costs is why surgery is kept to a minimum: a
General Surgery case has a cost of 328,000 but consumes 0.6 of an ICU bed-day, 2.5 theatre hours and 22 nursing hours,
which have a combined shadow cost of approximately 35,400, meaning that every additional surgery case would reduce
contribution by approximately X7,400. It does not say anything negative about the department, it simply says that at
present capacity, theatre time is better spent in Orthopaedics and Cardiology.

6C. Sensitivity to ICU capacity

Given that the shadow price for the ICU is the highest, we re-solved the model for each size of the ICU between 8 beds
and 40 beds, and fixed all the other parameters in the model (Figure 5). If there are less than 13 beds, the problem is
infeasible: There are not enough intensive care, even for the minimum service level. The shadow price of the ICU falls
between 13 and 23 beds; it is the contribution of a new bed, albeit at a declining rate, as the ICU expands, so does the
other resource (theatre time, then nursing), become the binding resource. After 23 beds the curve levels off: additional
beds in the ICU would not benefit unless there are additional beds in theatre and nursing beds. A similar test on nursing
reveals that the shadow price of R308 is valid for up to 5,410 hours per week of nursing, beyond which, nursing becomes
non-bottleneck.

Sensitivity of the optimum to ICU capacity

an (X lakh

[\
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

" 7 Current: 20 ICU beds
cE - 2o %61.1 lakh per week

y contribution
.

B S

)

Staffed ICU beds
h poirtt 3 separate LF n with all other capacities held at base values

Figure 5. Maximum weekly contribution as the number of staffed ICU beds changes

6D. A funding cut: LP compared with goal programming

The context for Paper A was a funding reduction. In a similar manner, we reduced the nursing hours by 10% (from 5400
to 4860 per week) and introduced two types of goal: Break even contribution of ¥58.0 lakh per week and last year's
volume in departments (115, 45, 40, 25, 70 cases). Three plans were compared (Table 8 and Figure 6).
Table 8. Case mix after a 10% cut in nursing hours

Department Target LP: max GP: finance goal GP: volume goals
contribution first first

General Medicine 115 88.2 89.0 85.1

General Surgery 45 30.0 30.0 45.0

Orthopaedics 40 31.0 40.0 25.3

Cardiology 25 343 26.4 25.0

Obstetrics & Gynaecology 70 60.0 60.4 70.0

Weekly contribution (R 58.0 59.40 58.00 57.18

lakh)

Total volume shortfall (cases) 0 60.8 50.7 44.6
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Figure 6. Admissions by department under the three plans, against last year's volumes

The plain LP continues to post a positive gain of ¥59.40 lakh, albeit 2.61% less than prior to the cut, but with a 26.1%
reduction in General Medicine and a 12.3% increase in Cardiology. The finance-first goal program includes exactly the
break-even case, and then some to get Orthopaedics and Cardiology back on track, to the cost of leaving the other two
general departments, General Medicine 26.0 cases and Surgery 15.0 cases short. The volume-first goal program returns
to last year's level, but falls short of break-even by 382,000 per week. There is no plan which achieves all goals: the cut
makes a choice, and goal programming shows the price of the choice. The main idea of Paper A is reproduced on a small

scale.

7. Reflection

y contribution: LP T59.4 lakn, GP finahce-My

General Surgery

Table 9. Comparison of the approaches

Decides

Objective

Method

Uncertainty

Main weakness

Paper A (Blake & Carter)

Case mix and volume per
physician for a hospital
division

Minimise deviations from
finance, income and practice
goals

Linear goal programming
(two linked LPs)

Not modelled

Linear  costs, subjective
weights

st 58.0 lakh, GF volwr

== Volume target (last year)
LP, maximise contribution

Orthopaedics

1e-first 157.2 lakt (Dreak-ever

Paper B (Mehrotra et al.)

Daily allocation and return of

ventilators across states
Minimise  expected total
shortage

Scenario-based stochastic
MILP, Gurobi

Demand  scenarios  from
forecasts

No re-planning; equity not
modelled

7A. Strengths of the modelling approach

The close-to-linear relationships in the LP family are ideal for hospital allocation, and the actual relationships are indeed
close-to-linear over the range that matters: twice as many hip replacements require about twice as much theatre time.
The models are open, allowing doctors and administrators to review the program inputs; they can be solved in seconds
even for large national scales; and the dual values provide price information on beds, theatre time, and staff that the
hospital would not otherwise have. With the introduction of goal programming (Paper A), several stakeholders can be
considered, and with the introduction of scenario-based stochastic programming (Paper B), a disciplined approach to

planning in the face of uncertain demands is added.
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7B. Limitations and assumptions

All three models assume that the amount of resources consumed in a patient's stay are fixed and known, and that the
length of stay varies greatly from patient to patient, while the demand for resources in the ICU comes in surges. There
is a deterministic LP, and on poor days, the hospital that runs at 100% of their planned capacity will be unable to accept
patients; queueing theory demonstrates that at 99.9% of their planned capacity, the hospital will have long waiting times.
The potential goal also impacts on the service mix — in our example maximum contribution — which pushes out low
margin but necessary care — and nothing more than the minimum service constraints can keep it in. Goal programming
weights are subjective, and the particular region may not be treated fairly by shortage minimizing models like Paper B.
Last but not least, our illustration is based on hypothetical data and does not represent the situation of any real hospital.

7C. Possibilities for extension

Natural extensions include: stochastic or robust case mix models which set a buffer of ICU beds; multi-period models
which follow patients from theatre to ICU to ward; integer decisions (open a new ward, open a new theatre); equity or
waiting-time objectives in addition to financial ones; and real-time re-planning as suggested by the authors of Paper B.
The same structure can be adopted to allocate ICU beds, oxygen and ventilators across district hospitals during peak
hours and beds allocated under the Ayushman Bharat PM-JAY scheme between the packages. Our illustration would
become evidence if it were validated with real hospital data.

8. Conclusion

How a few lines of linear algebra can help with a decision that matters, in the case of hospitals and their resources. Paper
A demonstrates that the problem of a 18% reduction in funding for a hospital can be solved by using linear goal
programming to select an optimum case mix that ensures a balanced budget and maintains physicians' incomes and
practice. Paper B demonstrates how a stochastic linear model can be used to allocate and share ventilators across a
country during a pandemic; and how cooperation between states cut ventilator shortages by 13% to 19%. Two broad
principles (the objective over types of patient and the limitations on the capacity of each resource and the limits on
service that could be provided) were solved for a hypothetical 220-bed hospital. It highlighted the binding resources as
ICU beds, theatre time and nursing; estimated the price of an additional ICU bed at approximately 1 lakh per week;
proved that the expansion of ICU is not cost effective beyond 23 beds and demonstrated with goal programming that a
10% reduction in nursing is not possible without compromising on financial and volume targets. The key takeaway
messages are: (1) shadow prices are frequently as important as the plan itself; (2) hospitals require multi-goal models,
not single-objective models; and (3) the most important next step is to model uncertainty in the demand and length of
stay explicitly.
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